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Abstract—Heat transfer by simultaneous radiation and free convection from a vertical plate immersed in an
absorbing, emitting, isotropically scattering, gray fluid is determined by solving non-similar momentum
and energy equations. The radiation part of the problem is treated exactly by the application of the normal-
mode-expansion technique. The hot wall and the cold wall conditions are both considered. A parameter
survey is made to study the effects of single scattering albedo, optical thickness, and conduction-to-radiation
parameter on temperature distribution in the boundary layer and heat transfer at the wall.

NOMENCLATURE

¢,,  specific heat at constant pressure:

f.  dimensionless stream function:

I*, I, radiation intensity (dimensional and
dimensionless respectively):

k,  thermal conductivity:

N, conduction-to-radiation parameter:

Pr, Prandtl number:

g, Q, dimensional and dimensionless heat
flux respectively:

T, temperature;

velocity components in x- and y-direc-

tion respectively;

X, y, coordinates parallel and perpendicular
to the plate respectively;

B, extinction coefficient

g, emissivity;

»,  dimensionless variable as defined by
equation (3a);

8,  dimensionless temperature;

g%,  functions as defined by equations (12a)
and (12b);

* Present address; Fayetteville State University, North
Carolina 28301.

p,  density;

o, Stefan-Boltzmann constant
7,  optical variable:

W,  stream function;

w, single scattering albedo.

Subscripts
¢, refers to cold wall;
h,  refers to hot wall;
w,  refers to the wall;
oo, refers to outside the thermal boundary
layer:
Superscripts

r, refers to radiation;
t, refers to total.

INTRODUCTION

HEaT transfer by simultaneous forced convec-
tion and radiation in a participating fluid has
received great deal of attention during the past
decade, but only limited amount of work is
available in the area of interaction of radiation
with free convection. Cess [1] considered an
absorbing and emitting fluid in the optically
thick region and used the singular perturbation
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technique to solve the problem. Arpaci [2] has
investigated a similar problem in both the opti-
cally thin and thick regions and used the approxi-
mate integral technique and a first order profile
to solve the energy equation. The accuracy of
approximate solutions can not be predicted
unless they are compared with the exact results.
The purpose of the present work is to present
highly accurate results on the interaction of
radiation with free convection including the
effects of scattering. The radiation part of the
problem is treated exactly by the application of
the normal-mode-expansion technique devel-
oped originally by Case [3] and an iterative
numerical scheme is used to solve the resulting
system of equations. Effects of scattering albedo.
optical thickness. the conduction-to-radiation
parameter are investigated on the temperature
profile in the boundary layer and heat transfer
at the wall. The results of the present analysis
can be used to check the accuracy of solutions
obtained with approximate methods.

ANALYSIS

Consider simultaneous radiation and free-
convection from a vertical plate at a uniform
temperature T, immersed in an absorbing,
emitting, isotropically scattering gray fluid of
infinite extend at temperature T, as iltustrated
in Fig. 1. Assuming that the difference between

Hot wall Cold wall
R T<L

FiG. 1. Geéometry and coordinate system.

the plate and fluid temperature is sufficiently
small, the governing continuity, momentum and
energy equations are given as:
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continuity

u  oOv
—t —=0 1
0x + Oy (la)

momentum
ou ou &*u
A i T T,
ox Ty T o T T)

energy

(1b)

oT oT  &@T 1.9

L L 1
”ax+”ay “ayz pec, dy (1)

‘where the positive sign in the last term of the

momentum equation characterizes the hot wall
condition (T,, > T,)) and the negative sign the
cold wall condition (T, < T,). Here 4 is the
coefficient of thermal expansion, g is the accelera-
tion of gravity, ¢" is the net radiative heat flux in
the y-direction, o is the thermal diffusivity, and
v is the kinematic viscosity. We note that this
set of equations is similar to the conventional
equations for laminar free convection from a
vertical plate except for the radiation term in the
energy equation.
The boundary conditions are taken as

(2a)
(2b)

u=v=0,T=T,aty=20

u—0, T->T,aty— .

The above equations are now transformed by
defining the following new variables:

_ (Gra\'y
"=\

(3a)
_ 3
Gr, = ‘%JTL_-ZI& (local Grashof
v number) (3b)
_(Gr \*
Yix,n) = 4v( 2 ) fix,n) (3¢)
T .
0(x,n) = Ea (for hot wall) (4a)
T .
= T (for cold wall) (4b)
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Q' = 4ZrT T (for hot wall) (5a)
= 40"; . (for cold wall)  (5b)
N = 4:{1{3 (for hot wall) {6a)
= 455"30 (for cold wall). (6b)

Here the stream function  is related to the
velocity components u and v by

o, ov
oy ax’
Then continuity equation is identically satis-

fied. The momentum and the energy equations
are transformed respectively to:

(7

momentum
o) oo

= 4x (6?;{1% - j—i%{) (8a)
energy

px g
NPr(Gr /4t a_n) (85)

A new independent variable ¢ (Bouguer
number), which characterizes the optical thick-
ness, is defined as

fx
(Gr/4*
Then the momentum and the energy equations
can be written in the alternative form as

an . af 2 aZf
G+ o ”2<a_;7> +Y5a

(Y ¥y
’%%%%‘%%ﬁ (19

©
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1 %0 06 of 00
e
of 0o 1 00"
- = —_ 11
Eam T NP an> (an
where we have defined
0-0, .
0* = 6f = 18 (for hot wall) (12a)
1-0
=0*= - (for cold wall) (12b)
where
T,
Bao = ?w
T,
Bw = —7—1;

The boundary conditions, equations (2a) and
(2b), are transformed to:

for the hot wall

f=g=0,9=lat11=0 (13a)
on
g=0,0=0watn—>oo (13b)
on

and for the cold wall

f=if=0,0=9watn=0 (14a)
on
a—f=0,6=1 aty —» oo,  (14b)
on

The transformed momentum and energy
equations (10) and (11) involve partial deriva-
tives with respect to the variable &, additional
boundary conditions are needed. They are
chosen as

0 =0,and f=f,for & =0 (15)

where 0, and f, represent the solution of the
considered problem for the non-radiative case.
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The energy equation (11) involves the radiative
heat flux ¢" which should be obtained from the
solution of the equation of radiative heat transfer
subject to appropriate boundary conditions.

RELATION FOR THE RADIATION HEAT FLUX

We consider the fluid as an absorbing,
emitting, isotropically scattering, semi-infinite
(0 < 1t < o) region stratified in planes per-
pendicular to the 7-axis. The equation of radiative
transfer for the dimensionless radiation intensity
K&, 1, p) is given as

oI, T, )
at

+1

+Mmm=u~mm@ﬂ+§

(I ) dyin0 <t <on, —1<p<g L

-1

(16)

For a diffusely emitting, specularly reflecting,
opaque plate the boundary condition at 1 =0
is given as

HEO. ) =6,0% + (1 — 8, KEO —p), > 0
(17)

where we have assumed the Kirchhoft law is
valid. The case ¢, =1 characterize a black
boundary. The dimensionless intensity K&, 7. u)
is related to the radiation intensity I*(<, 7. g} by

1*(¢€. 7, p)
I "Q . =
(¢.t.p) T

(for hot wall) (18a)
M)

= T n (for cold wall}(18b)

and 6, is the dimensionless temperature at the
wall defined as

f, = —Tf =1 (for hot wall)
T,
T, .

0, = T = 8, (for cold wall)

and at t-— oo the solution K¢, 1,4 should
remain finite. Here t is the optical variable
defined as
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dr = fdy. (18¢)

w is the single scattering albedo, u is the cosine
of the angle between the direction of radiation
intensity and the positive z-axis and (¢, 7) is the
dimensionless temperature distribution in the
fluid region {0 < 1 < op) defined as

T

HE. 1) (for hot wall)  (18d)

W

BE 1) =

(for cold wall). (18e)

Here we note that in equation (16} the radiation
intensity K¢, 7. pu) depends on the ¢ variable
because the temperature 6(¢, 1) is function of
both ¢ and 1. Therefore, ¢ enters equation (16)
merely as a parameter. Furthermore, the equa-
tion of radiative transter is given in the optical
variable 7 whereas the energy equation involves
the independent variable # which is related to
7 by

(19)

Il
AT
o9
- o
s

i
3

|
SNl ey

The dimensionless radiative heat flux is defined
as
+

i
Q=4[ I wdy.

-1

(20

The normal-mode-expansion technique is used
to solve the equation of radiative transfer
subject to the above boundary conditions. The
solution of equation (16) is written as a linear
sum of the homogeneous solution of this equa-
tion and a particular solution (¢ 7. ) in the
form [5. 6]

I(é" T, .u') - A(VOs i) e—-t/vo (b(vO? I'l)

1
+ A0 D g pdy + [Erw 2D
0
where we have omitted those homogeneous
solutions that diverge at infinity, hence this
solution satisfies the boundary condition at
infinity. Here the discrete normal-mode ¢(vy, )
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and the continuum normal-mode ¢(v, ) are
defined as

1
Boo ) =50 v (=1 1) (22a)
0
By, 1) = = P
2v—u

+ (1 — @v tanh 'y} 8(v — w,ve(—1.1) (22b)
and the discrete eigenvalues v, are the zeros of
the dispersion function

1
A(vg) = 1 — wvy tanh™! — (22¢)

Yo
P is a mnemonic symbol used to denote the
Cauchy principal value integral and &(x) is the
Dirac delta function. The readers are invited to
refer to [5] for a detailed discussion of the
properties of the normal modes. We note that
the solution equation (21) satisfies both the
integral equation (16) and the requirement of the
boundary condition at 7 — co. Then the two
unknown expansion coefficients A(v,y, &) and
A(v, &) can be determined by constraining the
solution equation (21) to satisfy the boundary
condition equation (17) and by utilizing the
orthogonality property of the normal modes
and various normalization integrals as discussed
in [5] and {6], provided that a particular solution
1(&, 7, W) of the equation of radiative transfer is
available; but a particular solution can not be
determined until the temperature distribution
8¢, 7) in the fluid is known. At this point, we
assume an initial guess for the temperature
distribution ¢, 1) and that the fourth power
of this temperature is represented in the form:

0%E, 1) = 0% + S 1) (for hotwal)  (23a)
0%E, 1 =1 — S.A& 1) (23b)

where the functions S, and S, are such that they
vanish at © > 1, (or n = 7,), where 7, {or 7,)
is the edge of the thermal boundary layer:
and at the wall, S, equals (1 — 6%) where 0, =
T,/T,.and S, equals (1 — 6}) where §,, = T,/T,.
Several particular solutions of the equation of

(for cold wall)
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radiative transfer are available [4]. Therefore,
it is desirable to express the functions S, and S,
by the superposition of those function for which
particular solutions of the equation of radiative
transfer are available. We have chosen a
truncated cosine series representation of S(¢. 1)
function in the form

M
S ) = Z B(&) cos ?j—’ff (24a)
O
m=0
M
= Z B,(&)cos . (24b)
Ld Ho

Once the function S(¢, 1) is prescribed at any
position &, the coefficients B, () are determined
by equation (24) (In the present analysis a
21-term expansion is used to represent the
function.) Knowing the coefficients B, (), par-
ticularly solutions of the equation of radiative
transfer for an inhomogeneous term in the form:
for the hot wall

(1-0)0* 1) =(1-w [ +SE1]  (25)
and for the cold wall
(1 —w) 6% 1) = (1 — ) [1 - S4& 7] (25b)
are obtained respectively as [4] :
for the hot wall
M
&
—w
m=0
Sl F@ cos -1 + psin Tjﬂ-l
y mz | me o Ho
2
[ (N
mn &ne mn
(26a)
and for the cold wall
| M
-
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; . mn
—é—”—o[% cos 4 psin _'7]
mn{mn  n, Mo

’ [l - g79—5-tanh‘1 m_n] [<§@>2 + u2:| .
mn Mo mn

(26b)

Knowing a particular solution I, t, u) [or
I (¢, n, W] and the expansion coefficients A(vy, ¢)
and A(v, &), the dimensionless net radiative heat
flux Q"(¢, n) is obtained from equation (20) and
(21) as

Qr(éa ’7) = %(1 — ) Vo A(V()a &) e ~sniv

1
+ f vA(v, & e W dy

0
+

1
+—
- ¢,

L& n, ) p dy (27)

where we have transformed the independent
variable 7 to n by the transformation equation
(19). Differentiating equation (27) with respect
to n we obtain the desired relation for dQ"/dn
appearing in the energy equation (11) as:

0Q"(E,n)
on

= SHE0 — o) (A, e~

1
+ [A(v,&e™"dv
0
1 +1

B
[ = L& n ) dy

CHl—w) oy 28)

where the last integral in the bracket is evaluated
by equation (26).

Substitution of equations (28) and (29) into
equation (11) gives the final form of the energy
equation as

1 0% 00 of o6 of o
ﬁaﬁﬁa*iaﬁ‘&%)
= 21— o) | Atp e
2PrN
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M
1
+ [A(v.de o dv T 22 B,(&)

m=0
g M0 -1 1T
mn Mo mnn (29)
1-—- @ho¢ tanh =1 7 o
mn Ene

where the minus sign and plus sign in the last
term on the right-hand side refer to the hot wall
and cold wall respectively. It is to be noted that
when ¢ = 0, this equation reduces to that of
pure free convection.

The total net heat flux at the wall ¢’ is given by

oT
qw = [—k +q’]
ay y=0

which is expressed in terms of the dimensionless
quantities as

(30)

N ao

t q; r
= = |-+ JE£0 (31
s ol v T2 IR LD

where T, = T, for the hot wall, T, = T, for
the cold wall and the dimensioniess net radiative
heat flux Q" is given by equation (27). A local
Nusselt number, Nu, is defined as

hx q..x

N = T HT, - T

where h is the local heat transfer coefficient.
Substituting equation (31a) into equation (32),
the local Nusselt number, Nu,, is given as

Gr,\ "t 1 0 &
v () el w el

(33)

(32)

where 6, = 6, for the hot wall and 6, = 6,, for
the cold wall. For large values of N or for
E/N < 1, the radiation term in this equation is
negligible and the resulting expression agrees
with the standard relation for the Nusselt
number given by Ostrach [8].
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METHOD OF SOLUTION

To determine the temperature distribution in
the medium, the partial differential equations
(10) and (29) should be solved simultaneously
with appropriate boundary conditions. In the
present analysis, these partial differential equa-
tions are transformed into ordinary differential
equations in the n variable by replacing all the
derivatives with respect to £ by finite differences
Le.

00
0¢

0 — 6. of

A ¥

= f;fl‘ ete. .
i yild

i

The resulting equations are integrated in the
p-direction by a Runge-Kutta method at each
nodal point &; by starting the calculations at
¢ =0. The temperature distribution in the
previous station &,_, is used as an initial guess
to start the calculation at the station &, Thefourth
power of this temperature distribution is repre-
sented in a 21-term cosine expansion as given
by equations (23) and (24) and the corresponding
coefficients B,,; and the expansion coefficients
A(vg. &) and A(v, &) are determined. Knowing
these coefficients, the momentum and energy
equations are integrated with a Runge—Kutta

method and a first approximation is obtained ©

for the velocity and temperature profiles. The
first approximation for the temperature profile
is then used to obtain a second approximation
and so forth. This procedure is repeated until
the solution has converged to a prescribed
criterion, namely, the numerical values of
(20/0m)], =0 and (32f /dn?)|, -, between the suc-
cessive iterations differ no more than 1074,
Similar calculations are carried out for the
following station &, ,.

All the computations are performéd in double-
precision on the IBM 360/75 digital computer.
The average computation time required for
each station ¢, ranges from 05 to 2 min
depending on the value of ¢ and N. The larger
the value of &, the more the number of iterations
required to satisfy the convergence criteria. The
expansion coefficients A(v, ) and A(v. £) appear-
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ing in equation (21) are evaluated with an
iterative process using a 41-point Gaussian quad-
rature. The results of integration in the #-
direction are obtained by using a Runge-Kutta
scheme similar to the one developed by
Nachtsheim and Seigert [9]. which has the
advantage of a built-in technique for correcting
initial guesses. Defining error term based on the
boundary conditions at the edge of the boundary
layer as

error = f2 4+ (0 -0 +f"?+6?

(hot wall case) (34)

the correction for the initial guessed values of
f"(0) and #(0) is continued until the error term
isless than 1076,

RESULTS

Figures 2 and 3 show the temperature and
velocity profiles respectively at several axial

7 8

04
Tw> Tn N= I-O
Pr-0733
03 -09 8409
€,~10
’ w=05
o2
ol
(o] | 2 3 4 5 6 7 8

FiG. 3. Effect of the parameter ¢ on the velocity profile.
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positions between ¢ = 0 and 09 for the case of
hot wall. The temperature profile for & =0
characterizes the non-radiating case and it
agrees with that given by Ostrach [8]. As the
value of ¢ increases, the temperature profile
approaches to that obtained by the optically
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thick limit approximation shown by the dotted
line on the figure. In the case of the velocity
distribution, increasing the value of & increases
both the velocity and the velocity boundary layer
thickness.

In Table 1 we present the numerical values

Table 1. Numerical results for velocity and temperature in the boundary layer (6, = 09.¢,, = 10.¢ = 0'1. Pr= 0733,

w

T,>T,)

@ N 1 I (0 — 0,011 —0,)

00 01 0-0 0-0 1-0
05 02322 0-7383
1-0 0-2946 0-5197
15 02689 0-3544
2:0 02163 0-2429
30 01300 01338
4.0 00827 0-0925
50 0-0531 00696
6-0 00318 00517
7-0 0-0163 00353

0-0 1-0 0-0 00 1-0
05 0-2241 07472
1-0 02755 05153
1-5 0-2366 0-3285
20 01707 01972
30 0-0677 00653
40 0-0217 00212
50 0-0051 00055

0-5 01 00 00 1-0
05 02292 07424
1-0 0-2873 0-5178
15 0-2566 0-3434
20 0-1995 02242
30 0-1083 01082
40 00618 00677
50 0-0358 00477
60 0-0185 0-0323

05 1-0 0-0 0-0 10
05 0-2237 07475
10 0-2746 0-5148
15 0-2350 0:3269
2:0 01686 01945
30 0-0650 00616
4.0 00194 00178
50 0-0039 0-0030

Non-radiative case

1-0 0-0 00 1-0
05 (2231 0-7475
1-0 0-2731 05135
15 0-2326 0-3240
2-0 0-1653 0-1902
3.0 0-0610 00560
4-0 00164 0-0130
50 0-0026 0-0004
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Table 2. Numerical results for local Nusselt number (6, = 09.¢,, = 1'0.T,, > T)

w N Pr 14 Nu /(Gr /4)*
Effects of 00 01 0733 02 12618
N 1 0-5755
10 05143
o* 0-5083
Effects of 00 (U 0733 01 07713
w 05 0-6916
09 0-6055
10 0-5083
Effects of 00 01 0733 0 0-5083
& 0025 05594
0-05 0-6120
010 07713
015 09951
020 1-2618
Effects of 00 01 0733 431 07713
Pr 10 13609
100 2-3784

of velocity and temperature in the boundary REFERENCES

layer as a function of n at £ = 01 for different
values of the parameters w and N. The case
w = 1 characterizes a purely scattering medium
in which there is no interaction between radia-
tion and convection, hence it represents a
non-radiative case. An examination of this
table reveals that the thickness of both velocity
and temperature boundary layers increases witn
decreasing N and decreasing w.

Table 2 shows the effects of the parameters
N. w. & and Pr on the local Nusselt number for
a set of conditions specified on this table. The
ratio Nu,/(Gr./4* increases with decreasing
N. decreasing w, increasing Prandtl number and
increasing ¢, For large values of N or for o = 1
this ratio is the same as that for the non-
radiative case.
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RAYONNEMENT AVEC CONVECTION LIBRE DANS UN MILIEU ABSORBANT,
EMETTEUR ET DISPERSANT

Résumé—Le transfert thermique par rayonnement et convection naturelle simultanée depuis une plaque
verticale immergée dans un fluide absorbant, émetteur, isotropiquement dispersant et gris est déterminé
par la résolution des équations non similaires de quantité de mouvement et d’énergie. La part du probléme
relative au rayonnement est traitée exactement par I’application de la technique de développement en mode
normal. On considére aussi bien le cas de la paroi chaude que celui de la paroi froide. Une analyse des
paramétres est faite pour étudier les effets isolés des parametres de 'albedo dispersant, de I'’émissivité de la
paroi. de I'épaisseur optique. de la conduction ct du rayonnement sur la distribution de température dans
la couche limite et sur le transfert thermique a la paroi. Les résultats de cette analyse peuvent étre utiliscs
pour tester la précision des solutions obtenues par des méthodes approchées.

STRAHLUNG MIT FREIER KONVECTION IN EINEM ABSORBIERENDEN
EMITTIERENDEN UND STREUENDEN MEDIUM

Zusammenfassung—Der Wirmeiibergang durch gleichzeitige Strahlung und freie Konvektion von einer
vertikalen Platte, die in ein absorbierendes, emittierendes, isotrop streuendes, graues Fluid eingetaucht ist,
wird bestimmt durch Losen der nicht dhnlichen Impuls- und Energiegleichungen. Der Strahlungsanteil
des Problems wird durch die Anwendung der “normal-mode-expansion-technique™ exakt beherrscht.
Es wird sowohl der Fall der heissen als auch der kalten Wand betrachtet. Um die Einfliisse der einzelnen
Streualbedos, des Emissionsvermdgens der Wand, der optischen Dicke und des Leitungs-zu-Strahlungs-
parameters auf die Temperaturverteilung in der Grenzschicht und den Wiarmeiibergang an der Wand zu
studieren, wird eine Parameteriibersicht durchgefiihrt. Die Ergebnisse dieser Analyse konnen dazu ver-
wendet werden die Genauigkeit von Niherungslosungen zu iiberpriifen.

W3JYYEHME I1PM CBOBOJHON KOHBEKIMU B IOIVIOWAIOWENR,
N3JYYAIONIEN 1 PACCEMBAIOIIEN CPEJE

Annoranua—OnpefeiseTcy TeILIONEPEeHOC IIPpM COBMECTHOM U3JNy4YeHMM U CBOGOJHOM
KOHBEKUUN OT BePTUKAIbHOH ILTACTUHEI, NOTPYHEHHOH B HOIVIOIIAIONIYIO, M3JIY4aloIylo,
WB0TPONHO pPACCEUBALIYIO CEPYI0 Cpely INyTeM pEeLIeHMH HeaBTOMOJeNbHBIX YpPaBHEHHH
KOJIMYECTBA [IBHKEHHA M DHeprum. YacTb 3a7a4M, OTHOCAINAACA K JIyYUCTOMY IIepeHocy,
peINaeTcsi TOYHO C NpPUMEHEHHEM METOTMKH Da3loMeHUsi IO HOPMAJbHEIM Mofam. Pacc-
MaTpUBAKTCA CIYyYal KaK C XONOJHOM, TAK M ropadyell CTeHKOH. Ilposopurca o6G3op mapa-
METPOB ¢ UMbl U3YYeHUs BIUAHUA aj1b6efo OT eAMHMYHOIO PACCEeMBATENIA, SMUCCUOHHOH
cIocOGHOCTH CTeHKH, ONTHYeCKOM TOJIUMHDBI, OTHOIIEHUA TENJIONPOBOAHOCTH K U3IYyYeHHIO HA
pacnpocTpaHeHue TeMIepaTypLl B MOrPaHUYHOM CJI0€ U TEIJIONEPEHOC y CTEHKA. ITony4yeHHsie
pPe3yJIbTaThl MOMKHO MCIOJIB30BATh AMA NpPOBEPKU TOYHOCTH pelleHMH, NOMyveHHBIX C
[IOMOIIbI0 NPUOINAHEHHBIX METOIOB.



